Abstract Measurement choices in weakly-measured open quantum systems can affect quantum trajectory chaos. We consider this scenario semi-classically and show that measurement acts as nonlinear generalized fluctuation and dissipation forces. These can alter effective dissipation in the quantum spread variables and hence change the dynamics, such that measurement choices on the coupled quantum dynamics can enhance quantum effects and make the dynamics chaotic, for example. This analysis explains the measurement-dependence of quantum chaos at a variety of parameter settings, and in particular we demonstrate quantitatively that the choice of monitoring scheme can be more relevant than system scale β in determining the 'quantumness' of the system.
Introduction
Measuring a quantum system has an unavoidable effect in its state. This is a feature with no classical counterpart that introduces an entirely quantum pathway to manipulate quantum systems. In particular, the continuous monitoring of a quantum system provides the ability to implement real-time control, which can be used to enhance or suppress desirable effects in the system dynamics. Recent work has shown that continuously measured open quantum system trajectory dynamics can change between the qualitatively dramatic different regimes of chaos (with high dynamical algorithmic complexity) and regularity (with qualitatively different dynamical complexity) depending on parameter choices [3, 12] . In particular, the phase φ setting on a laser used as the local oscillator for making a homodyne measurement of the signal from a driven dissipative nonlinear quantum oscillator were shown to considerably affect the system dynamics [3] . The back-action from this kind of measurement manifests as a generalized dissipation F(φ ) and 'noise' N(φ ) where changes in φ can strongly affect the quantum dynamics sometimes making them chaotic, depending in a puzzling way on a combination of system parameters, including size, and the behavior of the classical limit. Understanding this puzzle would help us use φ , an external experimentally accessible parameter, to control quantum trajectories in useful ways.
We consider this system in the semi-classical regime where the measurement localization allows us to accurately and efficiently simulate the quantum state as a wave packet described completely by the coupled dynamics of its expectation values (centroid) and variances (spread). We use a formalism [10] representing |ψ(t) as the dynamics of two oscillators: the centroid (x, p) and the spread (χ, Π ) of the wave packet (detailed definitions below). Without environmental coupling these evolve according to the Hamiltonian H(x, p, χ,
where the size of the 'quantum' Hamiltonian H 2 and the coupling U 12 increases relative to H 1 as the system becomes smaller in size, say leading to an increase in the effective Planck's constant β . Thus, the influence of the quantum oscillator on the classical motion increases with β via U 12 (x, χ). The environment acts with N coupling only to (x, p) and the φ −dependent part of F coupling only to (χ, π). Energy analysis is useful to understand the non-trivial effect of changing N and F with φ . Small changes in the fluctuation and dissipation N, F change how the nonlinear dynamics amplify the quantum fluctuations and significantly change the energy range for the dynamics for χ, Π . This change alters the U 12 (x, χ) coupling and hence the influence of the quantum oscillator on the classical dynamics.
We consider several such (Γ , β , φ ) combinations to consider the effects of changing these parameters on the various competing effects. Our simulations verify our energy-based explanation for φ -dependent quantum trajectory chaos. We also find that measurement angle φ can affect the relative quantum energy scale compared to classical one by orders of magnitude more than the system scale β .
Below, we review the coupled-oscillator formalism then focus on the φ dependence of F and N before presenting our results and analysis. We conclude with a discussion about adaptive control of quantum trajectories as well as prospects for experimental implementations of these ideas.
Semi-classical coupled oscillator model
Our analysis starts with the quantum model of a damped driven Duffing oscillator [2, 6, 9, 3, 12] . The HamiltonianĤ
2 − g βQ cos(ωt) describes the double-well oscillator driven sinusoidally with strength g in terms of dimensionless position (Q) and momentum (P) operators. β serves as a dimensionless effective Planck's constant [2, 9] : larger β describe a smaller system and β → 0 is the classical limit. Quantum mechanical damping is introduced via the interaction of the system with a zero-temperature Markovian bath, which corresponds to havingâ = (Q + iP)/ √ 2 in the decoherence superoperator [4, 8] . Furthermore, we consider that this dissipative quantum channel is being weakly and continuously monitored, such that the state of the system evolves conditioned on the measurement outcomes as given by the following Ito stochastic equation [15, 13] 
Here,L = √ 2Γâ represents the dissipative environmental interaction of strength Γ , andĤ =Ĥ D +Ĥ R . Since the quantum dissipation is symmetric inQ andP, the
QP +PQ is added to yield the correct classical limit where dissipation appears only in the momentum variable. The noisy dynamics is given in terms of a complex-valued Wiener process, dξ , with M(dξ ) = 0, M(dξ dξ * ) = dt, and M(dξ dξ ) = u dt, where M(·) denotes the mean over realizations and the complex parameter u = |u|e −2iφ must satisfy the condition |u| ≤ 1 [15, 13] . Here we will consider the situation where |u| = 1, which has been shown to correspond to monitoring the dissipative channel with a quantum optical homodyne measurement [15, 3] with φ being the phase of the local oscillator. In this case, the noise can be written as dξ = e −iφ dW , where dW is a real Wiener process. Recent analysis [7] shows that nano-electro-mechanical systems are well described by this model and current experiments are within range of the phenomena we report.
A semi-classical analysis starting with the dynamics of Q = x, P = p proves very useful [5, 9, 12] ; the centroid variables' dynamics depend on second moment terms V QQ ,V PP ,V PQ where V AB = (Â † − Â * )(B − B ) . In this limit, |ψ(t) is accurately and completely described by the 4D phase-space vector X = (x, p, χ, Π ) with dynamics given bẏ
where the change of variables V x = χ 2 ,V xp = χΠ ,V p = 1/4χ 2 + Π 2 is for convenience below. The random effect of the continuous monitoring is given by the stochastic terms
and
(1.4b)
Coupling between centroid and spread oscillators
With the model from the previous section, we can now describe how the spread oscillator, given by the canonically conjugate pair (χ, Π ), influences the dynamics of the classical oscillator, given by the centroid variables (x, p). For Γ → 0, equations (1.2) have a Hamiltonian structure with
Thus, we can represent X(t) as a point trajectory traveling in a time-dependent 2D semi-classical potential, U(x, χ,t) = U 1 (x,t) +U 2 (χ) +U 12 (x, χ), given in terms of
The U(x, χ,t) potential is shown in Fig. 1 .1 for g = 0 and two different values of β . The driving sinusoidally tilts the potential along x, rocking the particle between the two classical wells depending on the amplitude. The inter-oscillator coupling U 12 , which allows the classical and quantum oscillators to influence each other, only exists for nonlinear systems. Different dynamical regimes can be quantified via the relative β dependence of U 1 ,U 2 ,U 12 where the overbar represents a time average over the trajectory: • For β → 0,U 12 → 0 and the quantum (χ, Π ) dynamics do not influence the classical (x, p) dynamics. These latter are invariant [2, 9, 6 ] under change of β . That is, the phase-space dynamics are identical except that the scale of x increases as β −1 , and U 1 ∼ β −2 .
• The near-classical limit β 1 has U 1 >> U 12 U 2 . In Fig. (1.1) at β = 0.05 we can see that this results in a well where the classical double-well shape is seemingly barely altered by quantum effects in the typical dynamical range for χ, which is natural since U 1 >> U 12 .
• As β increases, we get that U 1 ≥ U 12 U 2 . We see in Fig. (1.1 ) that for β = 0.3 this changes U(x, χ) in the χ direction, and creates a non-classical path from one x well minimum to the other that avoids the well maximum at increased χ, considerably altering the dynamics for (x, p) in the process.
This β regime where U 1 ≥ U 12 U 2 is our focus. When U 1 U 12 U 2 we expect quantum effects to matter in a way that is not visible in semi-classical dynamics. It is important to realize that systems dynamics and dissipation can alter U 12 dramatically. In particular, the time dependence of quantum spread variables depends on the components of the Jacobian of classical dynamics. That is, not only does the U 12 coupling between the two oscillators only exist for nonlinear systems, but as (χ, π) is being dragged around by (x, p) in this regime, the same dynamical properties that cause the chaotic separations of (x, p) trajectories in time causes the (χ, π) spread oscillators to grow and oscillate more rapidly; that is, chaotic dynamics can nonlinearly amplify U 12 in principle. The constraining factor is the dissipation, as we see below.
Measurement-dependent dissipative forces and oscillator energetics
To see how the measurement angle φ affects the dynamics, we rewrite the dissipative forces as F = (F x , F p , F χ , F Π ) = F c cos 2φ + F s sin 2φ + F 0 , where the definitions of F c , F s , F 0 are evident from the form of Eqs.(1.4). Defining these three components, which are shown in Fig. (1.2) , is useful since all F are weighted superpositions of them. In particular, at φ = 0, F = F 0 + F c and at φ = π/2, F = F 0 − F c . In the latter, the contributions of F 0 and F c along the Π = 0 axis are in opposite directions and tend to cancel out, while in the former, they add up, forcing the system towards small values of χ. Note that, in this case, by suppressing higher χ values, the dissipative force works against the non-classical mechanism for inter-well transitions explained in the previous section. In either case, while the size of the Γ governs how the driving energy absorbed is dissipated, it is the measurement angle φ that effectively alters the energy flow between the two oscillators.
To make the connection with energy flow more evident, we can look at how the input power, introduced by the external driving term, is distributed over the different available channels. From conservation of energy, we can write that
where we used g,Γ , √ Γ , H to label the energy terms originated from driving, dissipation, noise, and the time-independent part of Eq.(1.5), respectively. For the timeindependent Hamiltonian term,Ė H = 0. If we now take the time average, the contribution from the noiseĖ √ Γ also vanishes. This means that, focusing only on the average values, the input power from the driveĖ g balances the dissipated energyĖ Γ . The dynamics, in particular the Lyapunov exponent λ for X(t), depends strongly on the Gaussian curvature of the U(x, χ) potential [14, 1, 11] along X(t), which can be sensitive to small changes in the steady-state mean (H) and variance (∆ H) of the total oscillator energy given by Eq.(1.5).
Simulation results
Finally, we put together all the understanding developed in the previous sections to explain the semiclassical mechanism responsible for the reported [3] effects of measurement angle on quantum trajectory chaos. While for some parameter values the underlying phenomenon was shown to be purely quantum, for others, semiclassical effects seemed to play a role, but remained unexplained [3] .
We consider the same two dissipative couplings Γ 1 = 0.05, Γ 2 = 0.10 previously studied in [3] . It is important to understand the difference in the classical limiting behavior at the two Γ values. Consider the Poincaré sections (shown on top of corresponding trajectories) in the (x, p) (classical) phase space in Fig. (1.3) . We notice that at low dissipation Γ 1 yields a simple inter-well periodic orbit that never goes inside the classical separatrix defined by the H 1 (x, p) = 0 curve and has λ < 0. Hence the energy absorbed is dissipated exactly over a single period (although ∆ H = 0). However, at higher Γ 2 , even though the orbit must dissipate what it absorbs on average since it stays confined in energy, the time-dependence of the dissipation terṁ E F does not synchronize with the drivingĖ g , such that the orbit wanders chaotically in a bounded energy range spanning the separatrix with λ > 0.
To understand the semiclassical behavior, for each Γ we use both φ = 0, π/2 settings, and examine all these cases at two different length scales β . For each of these parameter combination, we show the Poincaré sections in (x, p) as well as the (x, χ) space, the latter demonstrating how the range of χ affects classical behavior. The first case analysed was for Γ = 0.1. Here we see that for both β = 0.01 and β = 0.05, and irrespective of φ , the quantum perturbations do not seem to visibly change the chaotic (x, p) Poincaré sections. The (x, χ) Poincaré sections are very instructive, however. First note that the range of χ is essentially independent of β for both φ values. On the other hand, the β −independent χ range for φ = π/2 is much greater than for φ = 0, consistent with our analysis of the role of the dissipative force for different measurement angles. As already observed in [3] , for this case, strong dependency of the Lyapunov exponent with the measurement angle is purely a quantum effect, with little contribution of semiclassical origin.
On the other hand, the case shown in Fig. (1.5) for Γ 1 is emblematic of the interplay between the two competing factors analysed in this paper: the coupling be- tween centroid and spread variables, and measurement-dependent dissipation. At β = 0.15, the φ = 0 case has smaller U 2 , U 12 (visible in the range in χ) than for φ = π/2. Consistent with our previous discussion, for φ = 0, the dissipative force pulls the system towards smaller values of χ, leading, therefore, to the observed smaller values of U 2 and U 12 . For φ = π/2, the dissipative force is not as effective in suppressing the effect of the nonlinear spread-centroid coupling, therefore the quantum corrections perturb the classical energy synchronization and induce chaos. At β = 0.3, the semiclassical approximation is in principle not valid, but we find the same qualitative behavior with a full quantum simulation. Semiclassically, U 2 , U 12 for φ = 0 is smaller than for φ = π/2. But the larger value of β allows both angle settings to destroy the periodic motion although, again, chaos is stronger for φ = π/2. It is worth noticing, from both the visual Poincaré sections as well as quantitatively from the λ obtained, that β = 0.15, φ = π/2 shows larger U 2 ,U 12 values than for β = 0.3, φ = 0 case such that it is effectively a more quantum system, and affects the classical motion to a greater extent.
Conclusion
In closing, we have shown that a semi-classical nonlinear oscillator that is weakly monitored and coupled to the environment can be accurately understood as a classical centroid oscillator coupled to a 'quantum' spread oscillator via a nonlinear U 12 coupling. We find that the the choice of measurement angle φ should be understood through its change on the dissipative measurement back-action that can dramatically alter how the nonlinear dynamics amplifies the size of U 12 to perturb the classical dynamics, sometimes substantially. This leads to the remarkable observation that, comparing across all the parameter combinations presented, the measurement angle φ is more relevant than system scale β in determining the dynamical regime of the system.
We are currently working on applications of these insights deep in the quantum regime where different mechanisms apply, as well as to adaptive control and quantum thermodynamics.
